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Following the work of Zadeh and Xue-hai Yuan on the definition of a convex fuzzy subset,
three new kinds of definitions of the convex fuzzy sublattices are proposed in this paper.
First, by using the relations between fuzzy points and fuzzy sets, the definition of a (β¯, α¯)-
convex fuzzy sublattice is introduced. The acceptable nontrivial concepts obtained in this
manner are the (∈,∈ ∨q)-convex fuzzy sublattice and (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice.
Second, the (λ, µ)-convex fuzzy sublattice is presented and it is also characterized by
the level (λ, µ)-convex sublattice of the given fuzzy set. Finally, (α, β)-fuzzy ideal and
(∈,∈ ∨qk)-fuzzy sublattice are introduced and several theorems are obtained.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The concept of fuzzy groups was first introduced by Rosenfeld in [1]. In [2], Liu introduced the notion of fuzzy subring.
In [3], Kuroki studied the properties of fuzzy semigroups. Since then, the literature on these fuzzy algebraic concepts have
been growing very rapidly [4–10,3,2,11–13,1,14–20]. In [19], Yuan and Wu gave the concept of fuzzy sublattice. Ajmal and
Thomas developed the theory of fuzzy lattice [4].
During the previous research on fuzzy algebra, Bhakat and Das presented the concept of (α, β)-fuzzy subgroups [5,6].
Yuan gave the definition of the (β¯, α¯)-convex fuzzy subset [18]. In [17], Yang gave the concept of the (β¯, α¯)-fuzzy sublattice.
In this paper, three new kinds of definitions of the convex fuzzy sublattices are proposed. In Section 2, some definitions and
results used in this paper are quoted. In Section 3, we present the definition of (β¯, α¯)-convex fuzzy sublattice by using the
relations between fuzzy points and fuzzy sets. The acceptable nontrivial concepts obtained in thismanner are the (∈¯, ∈¯∨ q¯)-
convex fuzzy sublattice and (∈¯, ∈¯∨ q¯)-convex fuzzy sublattice. In Section 4, the (λ, µ)-convex fuzzy sublattice is presented
and it is also characterized by the level (λ, µ)-convex sublattice of the given fuzzy set. In Section 5, we give the (α, β)-fuzzy
ideal and discussed some properties of (∈,∈ ∨q)-fuzzy ideal. Finally, (∈,∈ ∨qk)-fuzzy sublattice is introduced and several
theorems were obtained by similar methods as the (∈,∈ ∨q)-fuzzy sublattice.
2. Preliminaries
In this section, we recall some definitions and results which will be used in what follows. Throughout the paper, we shall
denote a lattice (L,∧,∨) by L, where the join and meet operations are denoted by ‘‘∧’’ and ‘‘∨’’ in L, respectively.
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Definition 2.1 (Sheng [14]). Let L be a lattice, X be a subset of L and X ≠ ∅. If for all a, b ∈ X , we have a∧b ∈ X and a∨b ∈ X ,
then X is called a sublattice of L.
Definition 2.2 (Sheng [14]). Let L be a lattice, a, b ∈ L and a ≤ b. If [a, b] = {x|x ∈ L, a ≤ x ≤ b}, then [a, b] is a sublattice
of L. This type of sublattice is called interval of L.
Definition 2.3 (Sheng [14]). LetM be a sublattice of L. For every [a, b] ⊆ L, if a, b ∈ M and x ∈ [a, b] can imply x ∈ M , then
M is called a convex sublattice of L.
Definition 2.4 (Zadeh [20]). Let L be a set. A mapping A: L → [0, 1] is called a fuzzy subset of L.
Definition 2.5 (Ajmal [4]). Let A be a fuzzy subset in L. Then A is called a fuzzy sublattice of L if for all x, y ∈ L
(i) A(x ∧ y) ≥ A(x) ∧ A(y),
(ii) A(x ∨ y) ≥ A(x) ∧ A(y).
Definition 2.6 (Ajmal [4]). Let A be a fuzzy sublattice of L. Then A is said to be fuzzy convex if for every interval [a, b] ⊆ L
and for all x ∈ [a, b], A(x) ≥ A(a) ∧ A(b).
Definition 2.7 (Ajmal [4]). Let A be a fuzzy sublattice of L. Then A is called a fuzzy ideal if A(x) ≥ A(y), whenever x ≤ y.
Definition 2.8 (Ajmal [4]). Let A be a fuzzy subset in L. Then A is called f -invariant if f (x) = f (y) implies A(x) = A(y) for all
x, y ∈ L.
Lemma 2.9 (Ajmal [4]). Let f : L → L′ be a mapping, and A be an f -invariant fuzzy set in L. Then f −1(f (A)) = A.
Definition 2.10 (Bhakas [5]). A fuzzy subset A of the set S defined by
A(y) =

0 y ≠ x,
λ(λ ≠ 0) y = x.
is called a fuzzy point with support x and value λ. We often denote it as xλ.
Definition 2.11 (Bhakas [5]). Let xλ be a fuzzy point and A be a fuzzy subset of set S.
(1) If A(x) ≥ λ, then xλ is said to belong to A and is denoted as xλ ∈ A.
(2) If A(x)+ λ > 1, then xλ is said to quasi-coincident with A, which is denoted by xλqA.
(3) If xλ ∈ A and xλqA, then we write xλ ∈ ∧qA; If xλ ∈ A or xλqA, then we write xλ ∈ ∨qA.
(4) xλα¯A iff xλαA does not hold for any α ∈ {∈, q,∈ ∧q,∈ ∨q}.
(5) xλ∈¯ ∨ q¯A iff xλ∈¯A or xλq¯A; xλ∈¯ ∧ q¯A iff xλ∈¯A and xλq¯A.
Proposition 2.12 (Bhakas [5]). Let A be a fuzzy sublattice of L, then A is a convex fuzzy sublattice of L iff
Aλ = {x | x ∈ [a, b], [a, b] ⊆ L, A(x) ≥ λ}
is a convex sublattice of L for any λ ∈ [0, 1] (where the empty set ∅ is seen as a convex sublattice).
3. (β¯, α¯)-convex fuzzy sublattice
In this section, we introduce the concept of (β¯, α¯)-convex fuzzy sublattices and discuss some of their important
properties.
Definition 3.1. Let A be a fuzzy sublattice of L. If for every interval [a, b] ⊆ L and for all x ∈ [a, b] such that
aλαA and bµαA H⇒ xλ∧µβA,
then A is called a (α, β)-convex fuzzy sublattice of L, where α, β ∈ {∈, q,∈ ∧q,∈ ∨q} and λ,µ ∈ (0, 1].
Definition 3.2. Let A be a fuzzy sublattice of L. If for every interval [a, b] ⊆ L and for all x ∈ [a, b] such that
xλ∧µβ¯A H⇒ aλα¯A or bµα¯A,
then A is called a (β¯, α¯)-convex fuzzy sublattice of L.
Let A be a fuzzy sublattice of L. Then A is a (α, β)-convex fuzzy sublattice of L iff A is a (β¯, α¯)-convex fuzzy sublattice of L.
Through the following Theorem we can see that (α, β)-convex fuzzy sublattice is a generalization of a convex fuzzy
sublattice in a lattice L.
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Theorem 3.3. Let A be a fuzzy sublattice of L. Then the following statements are equivalent:
(i) A is a (∈,∈)-convex fuzzy sublattice.
(ii) A is a (∈¯, ∈¯)-convex fuzzy sublattice.
(iii) A is a convex fuzzy sublattice.
Proof. (i)⇔(ii). It is clear.
(i)H⇒(iii). Let A be a fuzzy sublattice of L. Let A(a) = λ, A(b) = µ, then aλ ∈ A and bµ ∈ A. For every interval [a, b] ⊆ L and
for all x ∈ [a, b], we have xλ∧µ ∈ A, then A(x) ≥ λ ∧ µ = A(a) ∧ A(b). So A is a convex fuzzy sublattice of L.
(iii)H⇒(i). Let A be a convex fuzzy sublattice of L, and let aλ ∈ A and bµ ∈ A. Then A(a) ≥ λ and A(b) ≥ λ. For every
interval [a, b] ⊆ L and for all x ∈ [a, b], we have A(x) ≥ A(a) ∧ A(b). It follows that A(x) ≥ λ ∧ µ. Hence xλ∧µ ∈ A. So A is a
(∈,∈)-convex fuzzy sublattice. 
Theorem 3.4. Let A be a (β¯, α¯)-convex fuzzy sublattice (α ≠∈ ∧q), then A(0) = {x|A(x) > 0} is a convex sublattice of L.
Proof. If A(0) = ∅, we consider ∅ as a convex sublattice of L. If A(0) ≠ ∅ and a, b ∈ A(0), where for every interval [a, b] ⊆ L.
Then A(a) > 0 and A(b) > 0. Suppose that there exists x′ ∈ [a, b] such that A(x′) = 0, then for any β ∈ {∈, q,∈ ∧q,∈ ∨q},
x′A(a)∧A(b)β¯A implies aA(a)α¯A or bA(b)α¯A. When α =∈ or ∈ ∨q, we have aA(a)αA and bA(b)αA, this contradict to aA(a)α¯A or
bA(b)α¯A. For α = q, since A(x′) = 0, we have x′1β¯A. By the Definition 3.1., we get a1α¯A or b1α¯A. These contradict to a1αA and
b1αA. Therefore, A(0) is a convex sublattice of L. 
Theorem 3.5. Let A be a (β¯, α¯)-convex fuzzy sublattice of L, where (β¯, α¯) = (i) (∈¯, q¯), (ii) (∈¯, ∈¯∧ q¯), (iii) (∈¯∨ q¯, q¯), (iv) (∈¯∨
q¯, ∈¯ ∨ q¯), (v) (q¯, ∈¯), (vi) (q¯, ∈¯ ∧ q¯), (vii) (∈¯ ∨ q¯, ∈¯). Then A(x) = 1, for all x ∈ A(0).
Proof. Suppose that there exists x ∈ A(0), such that A(x) < 1. We consider two cases in the following.
(1) Let λ,µ ∈ (0, 1] such that 0.5 ≤ A(x) ∨ (1 − A(x)) < λ < µ. Then xλ∈¯A, xµ∈¯A, xλqA, xµqA. For case (i), we have
(β¯, α¯) = (∈¯, q¯). Note that A(x) < λ ∧ µ = λ, we can get xλ∧µ∈¯A, then xλq¯A or xµq¯A. This contradicts to xλqA and xµqA.
Similarly, for cases (ii)–(iv), we can also get some contradictions.
(2) Let δ, γ ∈ (0, 1], δ < γ < A(x)∧ (1−A(x)). Then xδ ∈ A, xγ ∈ A, xδ q¯A, xγ q¯A. For case (v), we have (β¯, α¯) = (q¯, ∈¯). Note
that A(x)+ δ < 1, we can get xδ∧γ q¯A, then we have xδ∈¯A or xγ ∈¯A. This contradicts to xδ ∈ A, xγ ∈ A. Similarly, for cases (vi)
and (vii), we can also get some contradictions.
Combine the above arguments, we get A(x) = 1, for all x ∈ A(0). 
Theorem 3.6. Let A be a (β¯, α¯)-convex fuzzy sublattice of L. Then we have the followings.
(1) A is a (∈¯ ∧ q¯, ∈¯)-convex fuzzy sublattice iff A is a (∈,∈ ∨q)-convex fuzzy sublattice.
(2) If A is a (∈¯ ∧ q¯, ∈¯ ∧ q¯)-convex fuzzy sublattice of L, then A is a (∈¯ ∧ q¯, ∈¯)-convex fuzzy sublattice.
Proof. (1) and (2) are obvious. 
Theorem 3.7. (1) A is a (∈,∈ ∨q)-convex fuzzy sublattice of L iff for every interval [a, b] ⊆ L and for all x ∈ [a, b],
A(x) ≥ A(a) ∧ A(b) ∧ 0.5.
(2) A is a (∈,∈ ∨q)-convex fuzzy sublattice of L if for any t ∈ (0, 0.5], At = {x|A(x) ≥ t} is a convex sublattice of L.
Proof. (1) ‘‘H⇒’’ Let λ = A(a)∧A(b)∧0.5, then λ ≤ 0.5, aλ ∈ A and bλ ∈ A. It follows that xλ ∈ ∨qA, x ∈ [a, b]. So if λ < 0.5
and xλ ∈ A, then A(x) ≥ λ = A(a)∧A(b)∧0.5. If λ < 0.5 and xλqA, then A(x) > 1−λ ≥ 0.5 ≥ A(a)∧A(b)∧0.5. If λ = 0.5,
then a0.5 ∈ A, b0.5 ∈ A, hence x0.5 ∈ ∨qA, x ∈ [a, b]. Therefore A(x) ≥ 0.5 or A(x) ≥ 1− 0.5, so A(x) ≥ A(a) ∧ A(b) ∧ 0.5.
‘‘⇐H’’ Let aλ ∈ A, bµ ∈ A. Suppose that there exists x ∈ [a, b] such that xλ∧µ∈¯∧ q¯A, then A(x) < λ∧µ and A(x) ≤ 1−λ∧µ.
So λ ∧ µ ≤ 0.5 and A(x) ≤ 0.5. It follows that λ ∧ µ ≤ A(a) ∧ A(b) ∧ 0.5 ≤ A(x) ≤ 0.5, then A(x) ≥ λ ∧ µ, so xλ∧µ ∈ A.
This is a contradiction.
Therefore, A is a (∈,∈ ∨q)-convex fuzzy sublattice of L.
(2) If At = ∅, we consider ∅ as a convex sublattice of L.
If At ≠ ∅. For every interval [a, b] ⊆ L, let a ∈ At , b ∈ At , then at ∈ A, bt ∈ A. Hence A(a) ≥ t and A(b) ≥ t , that
is A(a) ∧ A(b) ≥ t . Since A is a (∈,∈ ∨q)-convex fuzzy sublattice, then for ∀x ∈ [a, b], A(x) ≥ A(a) ∧ A(b) ∧ 0.5. Since
t ∈ (0, 0.5], hence A(x) ≥ t . Then xt ∈ A. Therefore, At is a convex sublattice of L. 
Theorem 3.8. (1) A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L iff for every interval [a, b] ⊆ L and for all x ∈ [a, b],
A(x) ∨ 0.5 ≥ A(a) ∧ A(b).
(2) A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice if for any t ∈ (0.5, 1], At = {x|A(x) ≥ t} is a convex sublattice of L.
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Proof. (1)‘‘H⇒’’ Suppose that for every interval [a, b] ⊆ L and for all x ∈ [a, b], A(x) ∨ 0.5 < λ = A(a) ∧ A(b). Then xλ∈¯A,
λ > 0.5, aλ ∈ A and bλ ∈ A. Since A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice, then aλ∈¯ ∨ q¯A or bλ∈¯ ∨ q¯A. So (A(a) < λ and
A(a)+λ ≤ 1) or (A(b) < λ and A(b)+λ ≤ 1). This is a contradictionwith aλ ∈ A and bλ ∈ A. Hence A(x)∨0.5 ≥ A(a)∧A(b).
‘‘⇐H’’ Let [a, b] ⊆ L and for all x ∈ [a, b]. If xλ∧µ∈¯A, then A(x) < λ∧µ. Since A(x) ≥ 0.5, note that A(x) ≥ A(a)∧A(b), then
A(a) ∧ A(b) < λ ∧ µ. Hence A(a) < λ or A(b) < µ. It follows that aλ∈¯A or bµ∈¯A and consequently aλ∈¯ ∨ q¯A or bµ∈¯ ∨ q¯A.
So A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L.
(2) If At = ∅, we consider ∅ as a convex sublattice of L.
If At ≠ ∅, for every interval [a, b] ⊆ L. Let a ∈ At and b ∈ At , then at ∈ A, bt ∈ A. That is A(a) ∧ A(b) ≥ t . Since A is a
(∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice, then A(x) ∨ 0.5 ≥ A(a) ∧ A(b), t ∈ (0.5, 1]. So A(x) ≥ t , hence xt ∈ A. Therefore, At is a
convex sublattice of L. 
Theorem 3.9. A is a (∈¯ ∧ q¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L iff for every interval [a, b] ⊆ L and for any x ∈ [a, b],
A(x) ≥ A(a) ∧ A(b) ∧ 0.5 or A(x) ∨ 0.5 ≥ A(a) ∧ A(b).
Proof. ‘‘H⇒’’ If A(x) < A(a) ∧ A(b) ∧ 0.5, then A(x) < A(a) ∧ A(b) and A(x) < 0.5, hence x0.5∈¯ ∧ q¯A. Since A is a
(∈¯ ∧ q¯, ∈¯ ∨ q¯)-convex fuzzy sublattice, then a0.5∈¯ ∨ q¯A or b0.5∈¯ ∨ q¯A. It follows that A(a) ∧ A(b) ≤ 0.5, and consequently
A(x) ∨ 0.5 ≥ A(a) ∧ A(b). The other case is similarly.
‘‘⇐H’’ Let xλ∧µ∈¯ ∧ q¯A, for all x ∈ [a, b], then A(x) < λ ∧ µ and A(x)+ λ ∧ µ ≤ 1. It follows that A(x) < 0.5, λ ∧ µ ≤ 0.5.
From A(x) ≥ A(a) ∧ A(b) ∧ 0.5 or A(x) ∨ 0.5 ≥ A(a) ∧ A(b), we have A(x) ≥ A(a) ∧ A(b) or A(x) < A(a) ∧ A(b) ≤ 0.5.
(i) If A(x) ≥ A(a) ∧ A(b), A(a) ∧ A(b) < λ ∧ µ, then aλ∈¯A or bµ∈¯A. It follows that aλ∈¯ ∨ q¯A or bµ∈¯ ∨ q¯A.
(ii) If A(x) < A(a) ∧ A(b) ≤ 0.5, then when aλ∈¯A or bµ∈¯A, we have aλ∈¯ ∨ q¯A or bµ∈¯ ∨ q¯A. And when aλ ∈ A or bµ ∈ A, we
have λ ≤ A(a) ≤ 0.5 or µ ≤ A(b) ≤ 0.5. So aλq¯A or bµq¯A. Consequently aλ∈¯ ∨ q¯A or bµ∈¯ ∨ q¯A. 
Theorem 3.10. (1) If A is a (∈¯ ∧ q¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L, then A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L.
(2) If A is a (q¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L, then A is a (∈¯ ∨ q¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L.
Remark 3.11. In the above discussions, acceptable concepts are convex fuzzy sublattice, (∈,∈ ∨q)-convex fuzzy sublattice,
(∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice.
4. (λ,µ)-convex fuzzy sublattice
It is well known that a fuzzy sublattice of L is a convex fuzzy sublattice iff Aλ = {x|A(x) ≥ λ} is a convex sublattice of L
for all λ ∈ (0, 1]. From Theorem 3.7, we have that A is a (∈,∈ ∨q)-convex fuzzy sublattice of L if Aλ is a convex sublattice
of L for any λ ∈ (0, 0.5]. From Theorem 3.8, we have that A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L if Aλ is a convex
sublattice of L for any λ ∈ (0.5, 1].
LetA be a fuzzy sublattice of L, thenAmay satisfy the following condition:Aλ is a convex sublattice of L for someλ ∈ (0, 1],
but Aλ is not a convex sublattice of L for other λ ∈ (0, 1].
Let IA = {λ|λ ∈ [0, 1], and Aλ is a convex sublattice of L}. When IA = (0, 1], A is a convex fuzzy sublattice of L. When
IA = (0, 0.5], A is a (∈,∈ ∨q)-convex fuzzy sublattice of L. When IA = (0.5, 1], A is a (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of
L.
A natural question is ‘‘whether A is a kind of convex fuzzy sublattice or not when IA ≠ ∅’’?
Now, based on the discussion as above, we have the following.
Definition 4.1. Let λ,µ ∈ (0, 1] and λ < µ and let A be a fuzzy sublattice of L. A is called a (λ, µ)-convex fuzzy sublattice
of L if for every interval [a, b] ⊆ L and for any x ∈ [a, b],
A(x) ∨ λ ≥ A(a) ∧ A(b) ∧ µ.
Lemma 4.2. Let λ,µ ∈ (0, 1] and λ < µ and let A be a (λ, µ)-convex fuzzy sublattice of L. For all λ1, µ1 ∈ (λ, µ) and
λ1 < µ1, then A is a (λ1, µ1)-convex fuzzy sublattice of L.
Proof. Straightforward. 
Remark 4.3. (1) By Definition 4.1, we have the following: A is a (∈,∈ ∨q)-convex fuzzy sublattice of L iff A is a (0, 0.5]-
convex fuzzy sublattice of L; and A is a (∈¯, ∈¯ ∨ q¯)-convex sublattice of L iff A is a (0.5, 1]-convex fuzzy sublattice of L.
(2) By Definition 4.1, one can define other convex fuzzy sublattice of L, such as (0.2, 0.5]-convex fuzzy sublattice of L,
(0.3, 0.9]-convex fuzzy sublattice, etc.
Theorem 4.4. A is a (λ, µ)-convex fuzzy sublattice of L iff At = {x|A(x) ≥ t} is a convex sublattice of L for any t ∈ (λ, µ).
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Proof. ‘‘H⇒’’ Let A be a (λ, µ)-convex fuzzy sublattice of L and t ∈ (λ, µ). Let a ∈ At , b ∈ At , for every interval [a, b] ⊆ L
and ∀x ∈ [a, b], then A(x) ∨ λ ≥ A(a) ∧ A(b) ∧ µ ≥ t > λ. It follows that x ∈ At and consequently At is a convex fuzzy
sublattice of L.
‘‘⇐H’’ Let At be convex fuzzy sublattice of L for any t ∈ (λ, µ). If there exists x ∈ [a, b], [a, b] ⊆ L such that A(x)∨ λ < t =
A(a) ∧ A(b) ∧ µ, then t ∈ (λ, µ) and a ∈ At , b ∈ At . Hence A(x) < t . Since At is a convex fuzzy sublattice of L, so x ∈ At
and consequently A(x) > t . This is a contradiction with A(x) < t . Therefore, A(x) ∨ λ ≥ A(a) ∧ A(b) ∧ µ for any [a, b] ⊆ L,
x ∈ [a, b]. 
Lemma 4.5. Let f : L1 → L2 be a homomorphism from a lattice L1 to a lattice L2 and A be a f -invariant (λ, µ)-convex fuzzy
sublattice of L1. Then we have the following:
(1) f (x) ≤ f (y) implies A(x) = A(x ∧ y) and A(y) = A(x ∨ y), for all x, y ∈ L1.
(2) f (z) ≤ f (x) ≤ f (y) implies A(x) ∨ λ ≥ A(y) ∧ A(z) ∧ µ, for all x, y, z ∈ L1.
Proof. (1) Let x, y ∈ L1 and f (x) ≤ f (y). Then f (x) = f (x)∧ f (y) = f (x∧ y). Since A is f -invariant, we have A(x) = A(x∧ y).
Similarly we can prove that A(y) = A(x ∨ y).
(2) Let x, y, z ∈ L1 and f (z) ≤ f (x) ≤ f (y). Then A(z) = A(z ∧ x) and A(y) = A(x ∨ y) by (1). Since A is a f -invariant
(λ, µ)-convex fuzzy sublattice of L1 and z∧x ≤ x ≤ x∨y, we have A(x)∨λ ≥ A(z∧x)∧A(x∨y)∧µ = A(y)∧A(z)∧µ. 
Theorem 4.6. Let f : L1 → L2 be a onto homomorphism and A be a f -invariant (λ, µ)-convex fuzzy sublattice of L1. Then f (A)
is a (λ, µ)-convex fuzzy sublattice of L2, where
(f (A))(y) =

sup{A(x); x ∈ f −1(y)} f −1(y) ≠ ∅,
0 otherwise
for all y ∈ L2.
Proof. Let [y1, y2] ⊆ L2 and y ∈ [y1, y2]. Since f is a onto homomorphism, then there are a, b, x ∈ L1 such that f (a) = y1,
f (b) = y2 and f (x) = y. Hence f (a) ≤ f (x) ≤ f (b). By Lemma 4.5, we have A(x) ∨ λ ≥ A(a) ∧ A(b) ∧ µ.
If f −1(y1) = ∅ or f −1(y2) = ∅ for ∀y ∈ [y1, y2] ⊆ L2, then f (A)(y) ∨ λ ≥ 0 = f (A)(y1) ∧ f (A)(y2) ∧ µ.
If f −1(y1) ≠ ∅ and f −1(y2) ≠ ∅, then
f (A)(y) ∨ λ = sup{A(x)|f (x) = y} ∨ λ
= sup{A(x) ∨ λ|f (x) = y}
≥ supa,b∈L1{A(a) ∧ A(b) ∧ µ|f (a) = y1, f (b) = y2}
= supa∈L1{A(a)|f (a) = y1} ∧ supb∈L1{A(b)|f (b) = y2} ∧ µ
= f (A)(y1) ∧ f (A)(y2) ∧ µ.
Then f (A) is a (λ, µ)-convex fuzzy sublattice of L2. 
Theorem 4.7. Let f : L1 → L2 be a homomorphism and let B be a (λ, µ)-convex fuzzy sublattice of L2. Then f −1(B) is a (λ, µ)-
convex fuzzy sublattice of L1, where f −1(B)(x) = B(f (x)),∀x ∈ L1.
Proof. For any x ∈ [a, b] ⊆ L1, since f : L1 → L2 be a homomorphism, then f (x) ∈ [f (a), f (b)] ⊆ L2, such that
f −1(B)(x) ∨ λ = B(f (x)) ∨ λ
≥ B(f (a)) ∧ B(f (b)) ∧ µ
= f −1(B)(a) ∧ f −1(B)(b) ∧ µ.
So, f −1(B) is a (λ, µ)-convex fuzzy sublattice of L1. 
Example 4.8. Let L = R, its binary relation is
A(x) =

1, if x = 2, 3
0.8, if 1.9 < x ≤ 3.1 and x ≠ 2, 3
x− 1, if 1.3 < x ≤ 1.9
4− x, if 3.1 < x ≤ 3.5
0.5, if 3.5 < x ≤ 4 or x ≤ 1.3 or x ≥ 5
0, if 4 < x < 5.
Then
At =

L, if t = 0
(−∞, 4] ∪ [5,+∞), if 0 < x ≤ 3
(1+ t, 4− t], if 0 < x ≤ 0.5
2, 3, if 0.8 < x ≤ 1.
Then IA = (0.5, 0.8]. So, A is a (0.5, 0.8]-convex fuzzy sublattice of L. However, A is not a convex fuzzy sublattice,
(∈,∈ ∨q)-convex fuzzy sublattice, and (∈¯, ∈¯ ∨ q¯)-convex fuzzy sublattice of L.
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5. (α, β)-fuzzy ideals
In the following let L denote a lattice, α, β ∈ {∈, q,∈ ∧q,∈ ∨q} and α ≠∈ ∧q.
Definition 5.1 (Yang [17]). Let L be a lattice, A : L → [0, 1]. If for any xt1 , yt2 , we have
xt1αA and yt2αA H⇒ xt1 ∨ yt2βA
xt1αA and yt2αA H⇒ xt1 ∧ yt2βA.
Then A is called (α, β)-fuzzy sublattice of L, where α, β ∈ {∈, q,∈ ∧q,∈ ∨q}.
Definition 5.2. A fuzzy subset A of L is called an (α, β)-fuzzy ideal of L, if
xt1αA, yt2αA H⇒ (x ∨ y)t1∧t2βA,
xtαA, ytαA H⇒ (x ∧ y)tβA
where α, β ∈ {∈, q,∈ ∧q,∈ ∨q}. For all x, y ∈ L and t1, t2, t ∈ (0, 1].
Definition 5.3. Let λ,µ be two fuzzy subsets of X and Y respectively. f (λ) : Y → [0, 1] and f −1(µ) : X → [0, 1] are
defined by
(f (λ))(y) =

sup{λ(x); x ∈ f −1(y)} f −1(y) ≠ ∅,
0 otherwise
(f −1(µ))(x) = µ(f (x)), ∀x ∈ X, y ∈ Y .
Definition 5.4 (Bhakas2 [6]). Let λ,µ be two fuzzy subsets of X and Y respectively, f be amapping of X into Y . Then f is said
to be an (α, β)-fuzzy map from λ to µ if for all x ∈ X and t ∈ (0, 1], xtαλ implies (f (x))tβµ.
Proposition 5.5. Let µ be a fuzzy subset of lattice L1 and f : L1 → L2 is a lattice homomorphism. For all x ∈ L1 and t ∈ (0, 1],
(f (x))tαµ iff xtαf −1(µ).
Proof. Let α =∈, then (f (x))t ∈ µ ⇐⇒ µ(f (x)) ≥ t ⇐⇒ (f −1(µ))(x) ≥ t ⇐⇒ xt ∈ f −1(µ). Let α = q, then
(f (x))tqµ⇐⇒ µ(f (x))+ t > 1⇐⇒ (f −1(µ))(x)+ t > 1⇐⇒ xtqf −1(µ). Similar we can easily obtain in other cases the
conclusion is true. 
Theorem 5.6. Let L1 and L2 be two lattices and f : L1 → L2 be a lattice homomorphism. Let λ,µ be (α, β)-fuzzy sublattices of
L1 and L2 respectively. If f is an (α, α)-fuzzy map from λ to µ, then f −1(µ) is an (α, β)-fuzzy sublattice of L1.
Proof. Let x, y ∈ L1, since f is a homomorphism from L1 to L2, so there exist f (x), f (y) ∈ L2. Note that λ is a (α, β)-fuzzy
sublattice, so xt1αλ and yt2αλ implies (xt1 ∨ yt2)βλ. And f is a (α, α)-fuzzy map, thus f (x)t1αµ and f (y)t2αµ. We see µ is a
(α, β)-fuzzy sublattice, hence (f (x)t1 ∨ f (y)t2)βµ. Thus when xt1αf −1(µ) and yt2αf −1(µ) can implies f (x∨ y)t1∧t2βµ. Then
(xt1 ∨ yt2)βf −1(µ). Similar we can obtain (xt1 ∧ yt2)βf −1(µ). Therefore f −1(µ) is an (α, β)-fuzzy sublattice of L1. 
Theorem 5.7. The support of any non-zero (α, β)- fuzzy ideal A of L is an ideal of L.
Proof. Let x, y ∈ LA. Then A(x) > 0 and A(y) > 0. Assume that A(x∨ y) = 0. If α ∈ {∈,∈ ∨q}, then xA(x)αA and yA(y)αA, but
(x∨ y)A(x)∧A(y)β¯A for every β ∈ {∈, q,∈ ∧q,∈ ∨q}, this is contradict to (x∨ y)A(x)∧A(y)βA. Also x1qA and y1qA but (x∨ y)1β¯A
for every β ∈ {∈, q,∈ ∧q,∈ ∨q}. Hence A(x ∨ y) > 0, that is x ∨ y ∈ LA.
Let x ∈ LA and y ∈ L. Suppose that A(x ∧ y) = 0. If α ∈ {∈,∈ ∨q}, then xA(x)αA but (x ∧ y)A(x)β¯A for every
β ∈ {∈, q,∈ ∧q,∈ ∨q}, this is contradict to (x ∧ y)A(x)βA. Also x1qA but (x ∧ y)1β¯A for every β ∈ {∈, q,∈ ∧q,∈ ∨q}.
Hence A(x ∧ y) > 0, that is x ∧ y ∈ LA. Hence LA is an ideal of L. 
Definition 5.8. An ideal I of a lattice L is called an k-ideal of L if for any a, b ∈ I and all x ∈ L from x ∨ a = b it follows that
x ∈ I .
Definition 5.9. An ideal I of a lattice L is called an h-ideal of L if for any a, b ∈ I and all x ∈ L from x∨ a∨ y = b∨ y it follows
that x ∈ I .
Definition 5.10. An (α, β)-fuzzy ideal A of L is called (α, β)-fuzzy k-ideal of L, if
x ∨ a = b, at1αA, bt2αA H⇒ xt1∧t2βA,
and an (α, β)-fuzzy h-ideal of L, if
x ∨ a ∨ y = b ∨ y, at1αA, bt2αA H⇒ xt1∧t2βA
for all a, b, x, y ∈ L and t1, t2 ∈ (0, 1].
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Example 5.11. Consider the lattice L = {0, 1, 2, 3}. Let A : L → [0, 1] be defined by A(0) = 0.3, A(1) = 0.5, A(2) = 0.7,
A(3) = 0.9, t1 = 0.3, t2 = 0.2. Then A is an (∈,∈ ∨q)-fuzzy k-ideal of L.
Theorem 5.12. The support of any non-zero (α, β)-fuzzy h-ideal(k-ideal) A of L is an h-ideal(k-ideal) of L.
Proof. By Theorem 5.7, the support LA of a non-zero (α, β)- fuzzy h-ideal A of L is an ideal of L. Let a, b ∈ LA and x, y ∈ L be
such that x ∨ a ∨ y = b ∨ y. Suppose A(x) = 0. As a, b ∈ LA, so A(a) > 0 and A(b) > 0. If α ∈ {∈,∈ ∨q}, then aA(a)αA and
bA(b)αA, but xA(a)∧A(b)β¯A for every β ∈ {∈, q,∈ ∧q,∈ ∨q}, this is contradict to xA(a)∧A(b)βA. Also a1qA and b1qA but x1β¯A for
every β ∈ {∈, q,∈ ∧q,∈ ∨q}. Hence A(x) > 0, that is LA is an h-ideal of L.
Putting in the above proof y = 0 we obtain the proof for (α, β)-fuzzy k-ideal. 
Theorem 5.13. If every (∈,∈ ∨q)-fuzzy ideal of L has a finite number of values, then every descending chain of ideal of L
terminates after a finite number of steps.
Proof. Suppose that there exists a strictly descending chain L = A0 ⊃ A1 ⊃ A2 ⊃ · · · of ideals of L does not terminate after
a finite number of steps. We prove that the λ defined by
λ(x) =
 n
2(n+ 2) if x ∈ An/An+1 n = 0, 1, . . . ,
0.5 if x ∈ ∩∞n=0 An,
is a (∈,∈ ∨q)-fuzzy ideal of L with an infinite number of values. Let x, y ∈ L. Assume that x ∈ An/An+1 and x ∈ Ak/Ak+1
for some n ≤ k. Then x ∨ y ∈ An and x ∧ y ∈ Ak. Thus λ(x ∨ y) ≥ n2(n+2) = min{λ(x), λ(y), 0.5} and λ(x ∧ y) ≥
k
2(k+2) = min{λ(x), 0.5}. For n > k we have x ∨ y ∈ Ak and x ∧ y ∈ An. Thus λ(x ∨ y) ≥ k2(k+2) = min{λ(x), λ(y), 0.5} and
λ(x∧y) ≥ n2(n+2) = min{λ(x), 0.5}. If x, y ∈ ∩∞n=0 An, then x∨y, x∧y ∈ ∩∞n=0 An. Thus λ(x∨y) = 0.5 = min{λ(x), λ(y), 0.5}
and λ(x ∧ y) = 0.5 = min{λ(x), 0.5}. If x∈¯ ∩∞n=0 An and y ∈ ∩∞n=0 An, then there exists k ∈ N such that x ∈ Ak/Ak+1, so
x ∨ y ∈ Ak, x ∧ y ∈ Ak. Thus λ(x ∨ y) ≥ k2(k+2) = min{λ(x), λ(y), 0.5} and λ(x ∧ y) ≥ k2(k+1) = min{λ(x), λ(y), 0.5}.
If x ∈ ∩∞n=0 An and y∈¯ ∩∞n=0 An, then there exists r ∈ N such that y ∈ Ar/Ar+1. Hence x ∨ y ∈ Ar , x ∧ y ∈ Ar . Therefore
λ(x ∨ y) ≥ r2(r+2) = min{λ(x), λ(y), 0.5} and λ(x ∧ y) ≥ r2(r+2) = min{λ(x), 0.5}. This proves that λ is a (∈,∈ ∨q)-fuzzy
ideal with infinite number of values, a contradiction. 
Lemma 5.14 (Yuan [19]). A fuzzy subset A of L is an (∈,∈ ∨q)-fuzzy ideal of L iff At = {x ∈ L | A(x) ≥ t} ≠ ∅ is an ideal of L
for all 0 < t ≤ 0.5.
Definition 5.15. Let λ,µ be fuzzy subset and fuzzy sublattice of L respectively, and λ ⊆ µ. If for all x, y ∈ L,
λ(x ∨ y) ≥ λ(x) ∧ λ(y), λ(x ∧ y) ≥ (λ(x) ∧ µ(y)) ∨ (λ(y) ∧ µ(x)),
then λ is called fuzzy ideal of µ.
Definition 5.16. Let λ,µ be fuzzy subset and fuzzy sublattice of L respectively, and λ ⊆ µ. If for all x, y ∈ L,
λ(x ∨ y) ≥ λ(x) ∧ λ(y) ∧ 0.5, λ(x ∧ y) ≥ (λ(x) ∧ µ(y) ∧ 0.5) ∨ (λ(y) ∧ µ(x) ∧ 0.5),
then λ is called (∈,∈ ∨q)-fuzzy ideal of µ.
Lemma 5.17 (Yang [17]). λ is a (∈,∈ ∨q)-fuzzy sublattice of lattice L iff for any x, y ∈ L, λ(x ∨ y) ≥ min{λ(x) ∧ λ(y) ∧ 0.5},
λ(x ∧ y) ≥ min{λ(x) ∧ λ(y) ∧ 0.5}.
Theorem 5.18. Let L1 and L2 be two lattices and f : L1 → L2 be a lattice homomorphism. Let λ,µ be (∈,∈ ∨q)-fuzzy sublattices
of L1 and L2 respectively. Then
(1) f (λ) is an (∈,∈ ∨q)-fuzzy sublattice of L2.
(2) f −1(µ) is an (∈,∈ ∨q)-fuzzy sublattice of L1.
Proof. (1) For any x′, y′ ∈ L2, if f −1(x′) = ∅ or f −1(y′) = ∅, then min{f (λ)(x′), f (λ)(y′), 0.5} = 0 ≤ f (λ)(x′ ∧ y′) and
min{f (λ)(x′), f (λ)(y′), 0.5} = 0 ≤ f (λ)(x′ ∨ y′). Now, suppose that f −1(x′) ≠ ∅ and f −1(y′) ≠ ∅, then f −1(x′ ∧ y′) ≠ ∅.
Thus
f (λ)(x′ ∧ y′) = ∨z∈f−1(x′∧y′) λ(z)
≥ ∨x∈f−1(x′),y∈f−1(y′) λ(x ∧ y)
≥ ∨x∈f−1(x′),y∈f−1(y′)min{λ(x), λ(y), 0.5}
= min{∨x∈f−1(x′) λ(x),∨y∈f−1(y′) λ(y), 0.5}
= min{f (λ)(x′), f (λ)(y′), 0.5}.
Similarly, f (λ)(x′ ∨ y′) ≥ min{f (λ)(x′), f (λ)(y′), 0.5}. So f (λ) is an (∈,∈ ∨q)-fuzzy sublattice of L2.
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(2) Let x, y ∈ L1. Then
f −1(µ)(x ∨ y) = µ(f (x ∨ y))
= µ(f (x) ∨ f (y))
≥ min{µ(f (x)), µ(f (y)), 0.5}
= min{f −1(µ)(x), f −1(µ)(y), 0.5}.
Similarly, f −1(µ)(x ∧ y) ≥ min{f −1(µ)(x), f −1(µ)(y), 0.5}. So f −1(µ) is an (∈,∈ ∨q)-fuzzy sublattice of L1. 
Theorem 5.19. Let L2 be a lattice, and f : L1 → L2 be a lattice homomorphism, µ and µ′ be (∈,∈ ∨q)-fuzzy sublattices(resp.
ideals) of fuzzy subsets λ and f (λ), respectively. Then the following statements holds:
(1) f (µ) is an (∈,∈ ∨q)-fuzzy sublattice (resp. ideal) of f (λ).
(2) f −1(µ′) is an (∈,∈ ∨q)-fuzzy sublattice(resp. ideal) of λ.
Proof. By Theorem 5.18, we know that f (λ) is an (∈,∈ ∨q)-fuzzy sublattice of L2.
(1) Suppose thatµ is an (∈,∈ ∨q)-fuzzy sublattice ofλ. For any x′, y′ ∈ Supp(f (λ)), it is clear that f −1(x′) ≠ ∅ or f −1(y′) ≠ ∅,
then f −1(x′ ∧ y′) ≠ ∅. Thus we have
f (µ)(x′ ∧ y′) = ∨z∈f−1(x′∧y′) µ(z)
≥ ∨x∈f−1(x′),y∈f−1(y′) µ(x ∧ y)
≥ ∨x∈f−1(x′),y∈f−1(y′)min{λ(x), µ(y), 0.5}
= min{∨x∈f−1(x′) λ(x),∨y∈f−1(y′) µ(y), 0.5}
= min{f (λ)(x′), f (µ)(y′), 0.5}.
Similarly, f (µ)(x′∧y′) ≥ min{f (λ)(y′), f (µ)(x′), 0.5}. And clearly, f (µ)(x′∨y′) ≥ min{f (µ)(x′), f (µ)(y′), 0.5}. This implies
f (µ) is an (∈,∈ ∨q)-fuzzy sublattice of f (λ).
(2) Suppose that µ′ is an (∈,∈ ∨q)-fuzzy sublattice of f (λ). Then for any x, y ∈ Supp(λ), we have
(f −1(µ′))(x ∧ y) = µ′(f (x ∧ y))
≥ min{f (λ)f (x), µ′(f (y)), 0.5}
= min{f −1((f (λ)))(x), (f −1(µ′))(y), 0.5}
= min{λ(x), f −1(µ′)(y), 0.5}.
Similarly, (f −1(µ′))(x∧y) ≥ min{f −1(µ)(x), λ(y), 0.5}. And clearly (f −1(µ′))(x∨y) ≥ min{f −1(µ′)(x), f −1(µ′)(y), 0.5}.
This implies that f −1(µ′) is an (∈,∈ ∨q)-fuzzy sublattice of λ. 
6. (∈,∈ ∨qk)-fuzzy sublattice
In what follows, let L denote a lattice and k be an arbitrary element of [0, 1) unless otherwise specified.
Generalizing the concept of xtqA, Dudek [6] and Shabir [15] defined xtqkA. xtqkA if A(x)+ t + k > 1. xt ∈ ∨qkA if xt ∈ A
or xtqkA.
Definition 6.1. A fuzzy subset A of L is called an (∈,∈ ∨qk)-fuzzy sublattice of L if for all x, y ∈ L and t, r ∈ (0, 1] the
following condition holds:
xt ∈ A, yr ∈ A H⇒ (x ∨ y)t∧r ∈ ∨qkA,
xt ∈ A, yr ∈ A H⇒ (x ∧ y)t∧r ∈ ∨qkA.
Theorem 6.2. Let M be a sublattice of L and A be a fuzzy subset of L defined by
A(x) =

≥ 1− k
2
x ∈ M,
0 otherwise
.
Then (1) A is a (q,∈ ∨qk)-fuzzy sublattice of L.
(2) A is an (∈,∈ ∨qk)-fuzzy sublattice of L.
(3) A is an (∈ ∨q,∈ ∨qk)-fuzzy sublattice of L.
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Proof. (1) Let x, y ∈ L and t, r ∈ (0, 1] be such that xtqA, yrqA. Then x, y ∈ M , A(x) + t > 1 and A(y) + t > 1. Since M is
a sublattice of L, we have x ∧ y ∈ M . Thus A(x ∧ y) ≥ 1−k2 . If t ∧ r ≤ 1−k2 , then A(x ∧ y) ≥ t ∧ r and so (x ∧ y)t∧r ∈ A. If
t ∧ r > 1−k2 , then A(x ∧ y) + t ∧ r + k > 1−k2 + 1−k2 + k = 1 and so (x ∧ y)t∧rqkA. Therefore (x ∧ y)t∧r ∈ ∨qkA. Similar
(x ∨ y)t∧r ∈ ∨qkA. Hence A is a (q,∈ ∨qk)-fuzzy sublattice of L.
(2) Let x, y ∈ L and t, r ∈ (0, 1] be such that xt ∈ A, yr ∈ A. Then x, y ∈ M , A(x) ≥ t > 0 and A(y) ≥ t > 0. Since M is
a sublattice of L, we have x ∧ y ∈ M . Thus A(x ∧ y) ≥ 1−k2 . If t ∧ r ≤ 1−k2 , then A(x ∧ y) ≥ t ∧ r and so (x ∧ y)t∧r ∈ A. If
t ∧ r > 1−k2 , then A(x ∧ y) + t ∧ r + k > 1−k2 + 1−k2 + k = 1 and so (x ∧ y)t∧rqkA. Therefore (x ∧ y)t∧r ∈ ∨qkA. Similar
(x ∨ y)t∧r ∈ ∨qkA. Hence A is a (∈,∈ ∨qk)-fuzzy sublattice of L.
(3) The proof is easily verified from (1) and (2). 
Theorem 6.3. Let A be a fuzzy subset of L. Then A is an (∈,∈ ∨qk)-fuzzy sublattice of L iff for any x, y ∈ L, A(x ∧ y) ≥
min{A(x), A(y), 1−k2 } and A(x ∨ y) ≥ min{A(x), A(y), 1−k2 }.
Proof. Let A be an (∈,∈ ∨qk)-fuzzy sublattice of L. Suppose that there exist x, y ∈ L such that A(x ∧ y) <
min{A(x), A(y), 1−k2 }. Choose t ∈ (0, 1] such that A(x ∧ y) < t ≤ min{A(x), A(y), 1−k2 }. Then xt ∈ A and yt ∈ A, but
A(x ∧ y) < 1−k2 and A(x ∧ y) + t + k < 1−k2 + 1−k2 + k = 1. So (x ∧ y)t∈ ∨qkA, which is a contradiction. Hence
A(x ∧ y) ≥ min{A(x), A(y), 1−k2 }. Similar we can easily verify A(x ∨ y) ≥ min{A(x), A(y), 1−k2 }.
Conversely, assume that A(x ∧ y) ≥ min{A(x), A(y), 1−k2 }. Let xt ∈ A and yr ∈ A for t, r ∈ (0, 1], then A(x) ≥ t
and A(y) ≥ r . Now A(x ∧ y) ≥ min{A(x), A(y), 1−k2 } ≥ {t, r, 1−k2 }. If t ∧ r > 1−k2 , then A(x ∧ y) ≥ 1−k2 . So
A(x ∧ y) + t ∧ r + k > 1−k2 + 1−k2 + k = 1, which implies that (x ∧ y)t∧rqkA. If t ∧ r ≤ 1−k2 , then A(x ∧ y) ≥ t ∧ r .
So (x ∧ y)t∧r ∈ ∨qkA. Similar we can easily verify (x ∨ y)t∧r ∈ ∨qkA. Therefore A is an (∈,∈ ∨qk)-fuzzy sublattice of L. 
Theorem 6.4. A fuzzy subset A of L is an (∈,∈ ∨qk)-fuzzy sublattice of L iff for any At(≠ ∅) is a sublattice of L for all t ∈ (0, 1−k2 ].
Proof. Suppose A is an (∈,∈ ∨qk)-fuzzy sublattice of L and x, y ∈ At for all t ∈ (0, 1−k2 ]. Then A(x) ≥ t and A(y) ≥ t . It
follows from Theorem 6.3 that A(x∧ y) ≥ min{A(x), A(y), 1−k2 } ≥ min{t, 1−k2 } = t , A(x∨ y) ≥ min{A(x), A(y), 1−k2 } ≥ t . So
x ∧ y ∈ At and x ∨ y ∈ At . Therefore At(≠ ∅) is a sublattice of L.
Conversely, assume that At(≠ ∅) is a sublattice of L for all t ∈ (0, 1−k2 ]. Suppose that there exist x, y ∈ L such that
A(x ∧ y) < min{A(x), A(y), 1−k2 }. Then choose t ∈ (0, 1−k2 ] such that A(x ∧ y) < t < min{A(x), A(y), 1−k2 }. Thus x, y ∈ At ,
but x∧ y∈¯At , which contradicts our hypothesis. Hence A(x∧ y) ≥ min{A(x), A(y), 1−k2 } and A(x∨ y) ≥ min{A(x), A(y), 1−k2 }.
So A is an (∈,∈ ∨qk)-fuzzy sublattice of L. 
Definition 6.5. A fuzzy sublattice A of L is called an (∈,∈ ∨qk)-fuzzy ideal of L if for all x, y ∈ L and t, r ∈ (0, 1] the following
condition holds:
xt ∈ A H⇒ (x ∧ y)t ∈ ∨qkA.
Theorem 6.6. Let I be a ideal of L and A be a subset of L defined by
A(x) =

≥ 1− k
2
x ∈ I,
0 otherwise.
Then (1) A is a (q,∈ ∨qk)-fuzzy ideal of L.
(2) A is an (∈,∈ ∨qk)-fuzzy ideal of L
Proof. The proof is similar to the proof of Theorem 6.2. 
Theorem 6.7. A fuzzy subset A of a lattice L is an (∈,∈ ∨qk)-fuzzy ideal of L iff At(≠ ∅) is an ideal of L for all t ∈ (0, 1−k2 ].
Proof. The proof is similar to the proof of Theorem 6.4. 
7. Conclusion
In this paper, we extend the study initiated in [18] about (β¯, α¯)-convex fuzzy subset to the (β¯, α¯)-convex fuzzy sublattice
based on fuzzy point. In this context (λ, µ)-convex fuzzy sublattices, (α, β)-fuzzy ideals and (∈,∈ ∨qk)-fuzzy sublattices
are introduced and investigated.
Our task in the future is to investigate other (α, β)-fuzzy algebraic structures by use of fuzzy points.
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